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Abstract 



If there is new physics associated with the top quark, it could show up 
as anomalous couplings of the top quark to weak gauge bosons, such as Ztt 
and Wth vector and axial-vector couplings. We use the processes ti — > Z^Z^ , 
ti W~^W~ , and ti Z^H to obtain the unitarity constraints on these 
anomalous couplings, and combine these constraints with those from precision 
electroweak data. The unitarity constraints can impose additional limits on 
the anomalous couplings when the scale of new physics is as low as 2 TeV. A 
nonzero measurement of such an anomalous coupling leads to an upper limit 
on the new physics scale from the unitarity condition. 
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The combined CDF and DO 0] measurements give a top mass of = 175 ± 9 GeV. 
The large size of the top quark mass, near the scale of electroweak symmetry breaking, 
suggests that the interactions of the top quark may provide clues to the physics of electroweak 
symmetry breaking and possibly evidence for physics beyond the standard model. 

If the new physics occurs above the electroweak symmetry breaking scale, its effects can 
be expressed as non-standard terms in an effective Lagrangian describing the physics at 
or below the new physics scale. Such non-standard interactions, in the form of anomalous 
vector and axial-vector couplings of the top quark to the W and Z bosons, will affect Z 
decay widths. The recent measurement of Rb 0, the ratio of the decay widths Z ^ bb and 
Z —>■ hadrons, provides a motivation for studying these anomalous couplings @J^. Limits 
on these couplings from precision measurements at LEP and SLC have been obtained at the 
one-loop level 0. 

In the standard model, the gauge symmetry enforces perturbative unitarity at all scales. 
In an effective theory with anomalous couplings the gauge symmetry is explicitly broken, the 
renormalizability is spoiled, and partial wave unitarity will be violated at high energies [0. 
When such anomalous couplings are present in the effective interaction, a renormalizable 
Lagrangian containing the new physics should replace the effective Lag rangian at a scale 
A which is below the scale where unitarity is violated, so that perturbative unitarity is 
restored. Such unitarity constraints have been used recently to put limits on anomalous 
Yukawa couplings of the top quark |^ and on the couplings of higher dimension operators 
not accessible to existing accelerators 0. 

In this paper we will examine the unitarity constraints on anomalous vector and axial 
vector couplings of the top quark to the W and Z by calculating the amplitudes for the 
processes tt tt, tt Z^Z^, tt W^^Wj^ , and tt Z^H, where the L subscript refers to 
the longitudinal component. We parametrize the anomalous contributions to the ttZ and 
the tbW couplings as 
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where the k's are dimensionless parameters which are absent in the standard modeL 

The anomalous effective Lagrangian in Eq. Q is the simplest possible modification of 
the weak sector which obeys certain elementary constraints. It contains only dimension 4 
operators, and includes only standard neutral-current couplings for the h quark at tree level. 
This latter requirement arises from the experimental fact that the 6-quark couplings to the 
Z are quite close to their Standard Model values. We do not include any extra sources 
of CP violation, so that the k's must be real. We do not include nonstandard photon 
couplings, so that electrodynamics is unaltered. Finally, we note that because we have not 
included all possible anomalous couplings, but rely upon the assumption that contributions 
from different couplings do not cancel each other, the results obtained here are not absolute 
predictions. 

The anomalous coupling parameters in Eq. ^ will affect the interpretation of the elec- 
troweak measurements at LEP and SLC In Ref. the authors place restrictions on the 
anomalous coupling parameters using complete expressions for electroweak measurables 
which even include terms which are not enhanced by /M^r. In order to see the effect of 
the unitarity constraints, we will first update the limits with a recent analysis of the precision 
electroweak data |jlO[, supplemented by the latest measurements of = r(66)/r(hadrons) 



0], and include terms quadratic in the k's ignored in earlier analyses. We find that these 
seemingly small quadratic terms have a significant effect on the allowed regions in some 
cases. Then we will combine these results with constraints from unitarity. We find that the 
unitarity constraints can place additional limits on the anomalous couplings when the scale 
of new physics is as low as 2 TeV. Furthermore, since the data is not consistent with the 
Standard Model at the 90% CL, unitarity constraints place an upper limit on the scale of 
new physics represented by the k's in Eq. 0. 

New physics at LEP and SLC can be parametrized in terms of the four parameters S, 
T, U [|lT| and |l0| , p!2[| defined by T{bb) = T{bb)sM{^ + ^hb)^ which can be expressed in 



terms of Rb as 5^,^ = {Rb/ Rf^ — 1)/(1 — The anomalous coupling contributions to these 
variables (not counting the effects of a standard model top quark and Higg boson) are H 
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where \i is the renormalization scale and s| = sin^ 6'vi/(M^). We keep the terms quadratic 
in the k's in our analysis, as they will affect the result even when the k's are not large. As 
in Ref. 0, we choose the scale 11 = 2mt, which assumes that the new physics is related to 
the top quark mass, and take rrit = 175 GeV and s| = 0.2311. We have also investigated 
the case ^ = rrit and will comment on it later. 

Recent data from LEP and SLC imply the following constraints due to new physics 
contributions [0,110] 



S = -0.28 ±0.19;°:°^ 
T = -0.20 ±0.26+°;}^ 



U = -0.31 ±0.54 



■'bb 



0.0130 ±0.0067, 
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where the second error in S and T is from varying Mh, the standard model Higgs mass, 
between 60 GeV (the lower value) and 1 TeV (the upper value), with a central value at 
300 GeV. In all of our calculations we take Mh = 300 GeV. The values for the S, T and 



U parameters are taken from a recent global fit |Ty], and is the latest world average 



The error in 5^^^ includes the theoretical error in the Standard Model value of i??,, added in 



quadrature with the experimental error. 



The CLEO measurement of 6 — > 57 ||T3[ also puts a constraint on k!^ [|T^. We have 



updated this hmit using the most recent experimental data on rrit and 6 — 57 to get 

- 0.03 < K^j^ < 0.00. (10) 

We note that k,'^^ is constrained to be very small and enters into Eqs. |^-|^ only quadrat- 
ically. As will be demonstrated later, the unitarity constraints also depend on k^*^ only 
quadratically, so that we will be able to consistently ignore its effects. 

The constraints on the k's due to the precision electroweak data are most easily seen 
by looking at the allowed regions when two of the parameters are varied simultaneously. 
Figures la and lb show the 90% CL bounds on k^*^ versus k^*" and kI'" versus , 
respectively, where the other parameters are set to zero in each case, and we have set the 
renormalization scale at /x = 2mt. The region allowed by all the data is denoted by bold 
lines. As is evident from the figures, the most important constraints on the allowed regions 
are from the limits on T and 5^^, although a further deviation from zero of the S parameter 
would have a significant effect on the allowed regions. The results of a three-parameter fit 
are shown in Fig. 2, where allowed regions of k,^^' versus k^*" are shown for various values 
of 

A brief remark on the importance of the terms quadratic in the k's in Eqs. |]-| is in order. 
If the quadratic terms were not included, the allowed region in Fig. la would be reduced by 
roughly 90% in Fig. la, and the allowed region in Fig. lb is nearly unaffected. Thus including 
the quadratic terms can be very important in determining the proper allowed region even 
when the magnitudes of the k's are less than unity. Furthermore, there is another allowed 
region in the case of Fig. lb which is a reflection of the curves shown about k,^^ = — 1. This 
extra solution, which requires the inclusion of the quadratic terms, simply changes the sign 
of the Wtb coupling from its standard model value. 

In the calculation of the unitarity constraints, we initially consider the tree-level processes 
tt — » tt, tt — > ZlZl, tt — i> W^W^ , and tt ZlH, which will be affected by the anomalous 
couplings of Eq. |l|. For each reaction we consider all helicity combinations for the t and t. The 



reactions with transverse vector bosons may be ignored since their rates are suppressed in 
comparison with the processes involving longitudinal vector bosons. We are most concerned 
with amplitudes that grow with increasing center of mass energy, ^/s, as they are guaranteed 
to violate unitarity at some scale. This consideration leads us to discard the processes ti —>■ ti 
and ti —>■ ZlH, as they do not grow with ^/s, even with nonzero anomalous couplings. For 
the same reason, by considering separately each possible combination of the top quark 
and the antitop quark helicity, we are led to discard the processes ZlZl, and 

t+t- ZlZl. This leaves four independent processes which grow with ^/s. These four 
processes are sufficient to constrain the anomalous couplings in our model. 

For the process ti ZlZl, the diagrams which contribute are the t- and w-channel 
exchange of a virtual top quark and the s-channel Higgs exchange. To leading order in s 
the helicity amplitudes are 

T++(tt ^ ZlZl) = -T__{ti ^ ZlZl) = tv^GfmtV^[{l + k^"" - nf'f - 1]. (11) 

For the process ti WlW£ the diagrams which contribute are the t-channel exchange of 
a virtual b quark, and the s-channel exchange of the Z boson, Higgs boson, and photon. 
After retaining only leading terms proportional to s and y/s, the helicity amplitudes are 

T+^(tt W^WE) = -T_4tt -> WtWE) 

= tV2Gfm,^s[iKl^)' + 24"^ + {K^^^f 

+ cosmi.^)^ + 2.£^ + (.g^)^ - - 4^)] (12) 
T+_(tt ^ W^WE) = ^V2GfS Me)[{^T)' ' 4^] (13) 
r_+(tt ^ W+WE) = tV2GfS sin(^)[(/€^^)2 + 2Kf^ - (14) 

As stated earlier, appears only quadratically in the unitarity conditions (as was the 
case for its contributions to S*, T, U, and 5;,^), so that its effects can be safely ignored in 
view of the constraint in Eq. [1^. Henceforth, in all of our calculations we take = 0. 

With these expressions for the amplitudes, we may determine the constraints from partial 
wave unitarity. The Jth partial wave amplitude for a process with helicity amplitude T is 
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where d"^ ^, (9) is the Wigner d-function. For the channels we are considering, m = 1 for 
m = for t+t+, t_t_, W^Wi and ZlZl, and m = —1 for t_t+ (hkewise for m') 
Tsj . Partial wave unitarity implies that | a;^ m' I < 1 each amplitude listed in Eqs. pJ] - |I^ . 



However, the most restrictive bound comes from eigenvalues of the coupled channel matrix 
for each value of J, each of which must also be less than 1. We consider only the J = and 
J = 1 partial waves, as they give the strongest constraints. If we write the channels in the 
order t+t+, t_t_, W^W^, and ZlZl then the coupled channel matrix for the color singlet 
J = partial wave is 
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and we have retained only the terms which grow with s. For the color singlet J = 1 partial 
wave, the coupled channel matrix for the channels t+t-, and W^Wj^ is 
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and again we have retained only the terms which grow with s. 



The characteristic equations for the roots of Eqs. |T6| and |19| are easily found. The 



strongest constraint in each case comes from the largest eigenvalue 
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for J = and 



a. 
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for J = 1, where partial- wave unitarity requires a;^^^ < 1. Although the importance of the 
higher partial waves are generally reduced by an overall factor 2J + 1, since some of the 
J = 1 amplitudes grow linearly with s and the J = amplitudes grow only as rrity/s, the 
J = 1 amplitudes give the most significant constraints for the processes we are considering. 
Constraints on the parameters from these bounds are shown in Figs. 3a and 3b for k^*" 
versus k^*" and k^*^ versus k^*", respectively, for different values of the scale ^/s where 
unitarity is saturated, where the other parameters are set to zero in each case. The regions 
allowed by precision electroweak data are taken from the corresponding cases in Fig. 1. 

If we assume that partial-wave unitarity is obeyed up to the energy scale of new physics, 
then the unitarity bounds in Fig. 3 for a given value of ^/s can be interpreted as the limits 
on the anomalous couplings when the new physics scale is equal to that value of ^/s. The 
scale at which unitarity constraints begin to encroach on the region allowed by the LEP and 
SLC data varies according to the parameter set used. The lowest energy scales for which 
the unitarity constraints place additional limits on the new physics parameters (a/s^-„) are 
listed in the first column of Table | for various parameter sets. 

As the new physics scale is increased, the region allowed by unitarity shrinks towards the 
Standard Model point (where all the k's are zero). The allowed regions in Figs. 1 and 2 (de- 
termined by the precision electroweak data) do not include the Standard Model (as expected 
from the measurement), and predict nonzero values for the n parameters. There is then 
a maximum value of y/s (v^max) ^'-'^ which both the unitarity and precision electroweak 
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constraints are satisfied. The quantity \fs^ax t)e interpreted as an approximate upper 
bound on the scale of the new physics which is embodied in the anomalous interactions of 
Eq. |I|. Values of ^/s^^^ for various parameter sets are given in second column of Table | 
when the 90% CL LEP and SLC data are used. 

When we tighten the LEP and SLC constraints by requiring 68% CL agreement with 
the data, only versus has a region of values consistent with the data when only 
two parameters are allowed to vary. Figure 4 shows this allowed region and the unitarity 
constraints for various values of \fs. The maximum value of \fs for which both unitarity 
and the electroweak constraints are satisfied is ^fs^^x ~ 3-6 TeV for /i = Imt. When the 
full three-parameter set is considered, this increases slightly to 

4~s^ax = 3.7 TeV, 4^, 4^, ^ 0. (25) 

We have also examined the effect on our results of changing the renormalization scale 
fi. Since each of the electroweak observables in Eqs. are proportional to log(/i^/M|), 
reducing /i to will shift the allowed regions in Figs. 1 and 2 to larger values of the 
couplings, which in turn leads to smaller values of \/s^-^ and \/s^^^ (see Table |). On the 
other hand, if /i > 2mt is chosen, then the allowed regions shrink in size; however, such 
larger values of the renormalization scale fi are not physically reasonable. Therefore, the 
energy scales listed in Table | and Eq. ^ for fi = 2mt represent conservative estimates. 
Choosing a renormalization scale as low as rrit typically reduces these values by 30%. 

In summary, our analysis shows that unitarity contraints can impose limits on the anoma- 
lous weak gauge couplings of the top quark beyond those given by precision electroweak data 
if the new physics responsible for these couplings appears at a scale A as low as 2 TeV, as 
indicated by the values of v^„j„ in Table |. Furthermore, if the deviation from the standard 
model in the precision electroweak measurements is due to such couplings, then there is a 
68% CL upper bound on A of 3.7 TeV. 
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TABLES 

TABLE L Values of y/s^^^^ (the lowest energy scale for which unitarity places additional limits 
on the anomalous parameters) and \/Smaa' i^^^ highest energy scale for which both the unitarity 
and electroweak constraints are satisfied) at 90% CL for various parameter sets when /i = 2mt. 
The corresponding values for ^ = mt are given in parentheses. 



Nonzero parameters 


^^,-n^ (TeV) 


^^raax (TeV) 




3.4 (2.6) 


19 (13) 


^NC ^CC 


3.3 (2.1) 


13 (9) 


^NC ^CC 


1.9 (1.3) 


19 (13) 


^NC ^NC ^CC 


1.6 (1.3) 


20 (14) 



FIGURE CAPTIONS 

FIG. 1. Limits from precision LEP and SLC data on (a) h!^ vs. k^*" for = = 0, 
and (b) k^*" vs. k^'" for k^*^ = n^^' = 0, using the 90% CL limits on S, T and U from 
Ref. |jlO|, and on from Ref. 0. The regions allowed by the electroweak variables S, T, 
U and 6f^i are indicated by the arrows. In Fig. 1(a) the entire region shown is allowed by U. 
In each case the region allowed by all of the electroweak data lies inside the bold lines. 

FIG. 2. Allowed region from precision LEP and SLC data of K^^ VS. K^^ for several 
values of k^*^ with k^'^ = 0, using the 90% CL limits from Refs. and 

FIG. 3. Unitarity limits on (a) n^'^ vs. k^'^ for = k^'^ = 0, and (b) vs. k^'^ 
for K^*^ = Kff^ = 0, shown for several values of ^/s. The regions allowed by unitarity lie 
inside the circles in (a), and between the lines for each energy scale in (b). The 90% CL 
regions allowed by LEP and SLC data, taken from Fig. 1, are also shown. 

FIG. 4. Unitarity limits on k,^^ vs. k^*^ for k^*^ = k^*^ = 0, shown for several values 
of y/s. The regions allowed by unitarity lie inside the ellipses for each energy scale. The 
68% CL region allowed by LEP and SLC data is also shown. 
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